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USE OF LOTKA-VOLTERRA DIFFERENTIAL EQUATIONS FOR THE CREATION 
OF THE MODEL OF COMBAT USE OF MILITARY FORMATION IN THE MUTUAL 

FIRE CONDITIONS 
The analysis of armed conflicts of recent decades suggests that the quantitative advantage in forces and 

means does not always ensure the successful completion of combat missions. Quite often, the organization of 
military formations combat use and enemy fire demage comes to the fore from the whole set of factors. 

The article considers the possibility of using Lotka-Voltair differential equations in creating a model of 
combat use of military formations in terms of fire interaction. 

These equations are widely used in the study of population growth dynamics of biological species under 
conditions of competition (when both parties are predators). The main hypotheses when using the above equations 
include the following: the supplies needed for growth are either available in unlimited quantities, or their income is 
strictly regulated over time; species harm each other, and per unit time the number of losses is always proportional 
to the probability of encountering individuals of these two species. 

The application of the Lotka-Voltair equations allows to determine the dynamics of changes in the level of 
military formation capabilities in the conditions of mutual fire influence of the parties and to determine the critical 
level of capabilities, and further, on the basis of this information to provide recommendations for changing certain 
constants. 
 

Key words: military formation capabilities, fire for effect of the enemy, differential equations of Lotka-
Volterra. 

ntroduct on 
The rapid development of military skills has 

recently led to the search for more detailed and precise 
ways of describing the processes that take place during 
the combat conflicts. The results of multifactorial 
analysis of recent armed conflicts [1-2] indicate that 
quantitative superiority in forces and means does not 
guarantee the successful realization of combat missions. 
At the forefront of the whole set of factors is the 
organization of military use of military formations and 
fire for effect of the enemy [2]. The essential basis of 
the organization of combat use is to determine the 
totality of capabilities of military formation and ways of 
their maximum realization [3]. However, existing 
approaches to determining the capabilities of military 
formations are based on the static determination of the 
quantitaty of forces and means, taking into account 
through the appropriate coefficients of their qualitative 
characteristics. However, qualitative characteristics of 
the same military formation will change during combat 
use and will vary depending on conditions. In other 
words, existing approaches do not take into account the 
dynamics of changing the capabilities of military 
formation in the process of combat use.  

Thus, in practice, the organization of the military 
use of military formations and the  fire for effect of the 
enemy,  there  was  an  urgent  need  to  find  such  ways  to  
determine the military formation capabilities that would 
take into account the dynamics (intensity) of their 
changes in the process of combat use and fire for effect 
of the enemy. 

Analys s of recent researches and publ cat ons 
The results of research analysis on the determination 

of the capabilities of military formation in combat use 
and fire for effect of the enemy [4-6] indicate some 
directions for the development of these research. 

First, it is the search for universal coefficients that 
characterize the qualitative component of a specific 
model of armaments and military equipment as part of 
the capabilities of military formation [4-5]. However, 
with the appearance of a relatively large number of 
types of armaments and military equipment and military 
formations,  as  well  as  new  methods  of  their  use,  the  
number of combinations of their unification in 
formation has increased significantly, which has led to a 
significant increase in the range of conditions for the 
military use of military formations and fire for effect of 
the enemy. In this case, the definition of sustainable 
coefficient that characterizes a qualitative characteristic 
will lead to significant mistakes. 
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Secondly, it is the searching of certain functional 
correlations in military formation and their reaction to 
changing conditions [6]. These approaches, in the authors 
opinion, are more perspective in view of need to take into 
account the dynamics of changes in the capabilities of 
military formation under conditions of fire interference. 
However, these approaches are not sufficiently worked 
out for their practical use. The main problem issues ia 
non-availability of such model of military formations use 
under conditions of fire interference, which will allow 
practically to determine the dynamics of change of 
capabilities with given accuracy (considering the 
interference). 

Of course, there is a certain set of models that are 
based on the intensity of changing certain characteristics 
of military formation. These models include those based 
on Osipov-Lanchester equation [7], Kolmogorov 
equations for fixed states [8], (medium dynamics), 
approaches of Queueing theory [9]. However, these 
models do not fully allow to take into account the 
dynamics of the mutual change in the capabilities of 
military formation under conditions of fire interaction 
and to determine the critical level of these capabilities 
(bifurcation point). 

Thus, in determining the dynamics of the change 
of level of military formation capabilities under the 
conditions of fire interference, it became necessary to 
create such a model that would take into account the 
mutual change of indicated capabilities and would allow 
to determine their critical level (the point of 
bifurcation). 

Of course, in other branches of science there are 
approaches to solving problems similar in terms of 
conditions. So, in the study of the dynamics of population 
growth of biological species, a model based on the 
system of differential equations of Lotka-Volterra [10] is 
widely used. These equations allow us to determine the 
dynamics of changes in the population of biological 
species, provided that they compete (when both sides are 
predators), as well as to determine the critical level of 
growth rates. Thus, in the opinion of the author, it is 
expedient to consider the possibility of using the above 
equations for conditions of combat use of military 
formations under mutual fire, as biological species with 
certain parameters of mutual influence. 

Ma n purpose of the art cle 
Thus, the purpose of the article is to justify the 

possibility of using the differential equations of Lotka-
Volterra to create a model of military formation military 
use under mutual fire conditions. 

Results and d scuss ons 
The essence of the approaches of the Lotka-Voltaire 

is to describe the dynamics of the change of interacting 

populations of biological species by differential equations 
of the first order [10]. The main hypotheses when using 
the equations are as follows: supplies required for growth 
or are in an unlimited number, or their receipt is tightly 
regulated over time; biological species damage each 
other, and in unit time, the amount of losses is always 
proportional to the probability of meeting the individuals 
of these two species, that is, multiplying the number of 
one species by the number of another [10]. 

These hypotheses can be applied to the process of 
military use of military formation under the mutual fire 
conditions. Thus, supplies, for conditions of military use 
of military formation, it is possible understand as 
ammunition, as their presence directly influences the 
quantitative change of the enemy, but as a consequence 
of the intensity of its tasks. Concerning the hypothesis 
that biological species inflicts damage to each other, and 
in unit time, the amount of losses is always proportional 
to the probability of meeting the individuals of these two 
species, it can be noted that the intensity of the loss in 
relation to the military use of military formations is 
always proportional to the probability (intensity) of 
detecting enemy objects. The term corresponds fully to 
the "principle of collisions" [10], when the rate of 
interaction is proportional to the multiplication of the 
density of the interacting components.  

In general terms and in accordance with Volterra's 
hypothesis, the dynamics of interaction between two 
sides can be described by the equations [10]: 
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where 21, NN  – parameters of interacting species 
(sides) to be investigated; 

21, aa
  

– constants of the own parameter growth 
rate; 

21,  – constants of self-limitation parameter 
(intraspecific competition); 

2112, bb   – the constants of species interaction. 
 
This model, at first sight, would be appropriate to 

use to determine the dynamics of change in the number 
of  parties.  In  this  case,  the  rate  constants  of  growth  

21 , aa  will degenerate or characterize the rate of 
replenishment of the number. Concerning the constants 

of self-restraint 21, ,  it  can  be  noted  that  they  
characterize a certain inconsistency in actions that will 
be expressed due to lower level of implementation of 
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the capabilities of the party.  The interaction constants 

2112 , bb  can be indirectly determined by the intensity 
of the tasks, but it will not always be directly dependent 
on the number of the parties. Therefore, the adequacy of 
such a constant is questionable. 

Thus, considering the significant heterogeneity of 
the components of military formations, and the specifics 
of the interaction of the parties, it is more appropriate, in 
the author's opinion, to use the parameter for research - 

the  number  of  means  that  perform  tasks  ( 21 , NN ) 
[11]. Under the tasks in the study it is proposed to 
understand - the typical tasks inherent in a certain 
functional component of the military formation, which 
directly affect the enemy functioning. Taking into 
account the above, it can be noted that the constants of 

the own growth rate of the parameter ( 21, aa ) will be 
characterized by the intensity of the tasks.  
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and other side. 

Constants of self-restraint 21,
 
are proposed 

to be accepted as characterizing the work of the internal 
elements of the parties regarding the transfer of 
intelligence information to means of fire influence [12]. 
The constants of self-restraint are proposed to express 
due to the intensity of the intelligence and the intensity 
of the transmission of the data received. 
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where )(
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1 , pp  – intensity decision-making by one 

and other side; 
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1 , rr  – intensity of detecting enemy objects 
by one and other side. 

 
Regarding the intensity of the intelligence, it is 

possible to assume that the acquisition of this indicator 
of zero value indicates a complete lack of opportunity to 
obtain information about the enemy. In this case, the 
intensity of the tasks will also be zero and, accordingly, 
there will be no need to further explore such a military 
formation. After all, the speed of its destruction will 

depend on the characteristics of the military formation 
of the enemy.    

In the accepted conditions, the interaction constant 

2112, bb
 
can be determined by the intensity of the 

tasks performed by the opponent given to the indicator 
of the stability of the functioning of our military 
formation.  
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where )(
2

)(
1 , vv ,– intensity of performing tasks by one 

and other side. 
 
Under  the  indicator  of  the  stability  of  the  

functioning of the military formation is proposed to take 
the inverse of the intensity of failure to perform tasks 

)(
1
v . Under the failures within this research, it is 

proposed to understand the impossibility of performing 
a task under the influence of internal and external 
factors [13]. It should be noted that the intensity of 
failures during the performance of tasks, as an indicator 
that characterizes the stability of the functioning of the 
military formation, can not take zero significance, just 
as military formation with an absolute index of stability 
can exist only under ideal conditions. Of course, the 
intensity of failures when performing tasks, for the 
study may reach the value close to zero, however, can 
not degenerate. 

Thus, taking into account expressions (2), (3), (4) 
the system of equations (1) will look like 
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Using a differential approach to the solution of 

differential equations (5) can be written in the following 
form 
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For further research it is suggested to accept 
certain input data and to analyze the results of modeling. 
So for the input data 1N = 3,

 
2N = 1, 

 
1a = 4, 2a = 2, 

1= 0,1, 2 = 0,1, 12b = 2,5, 21b = 1, t =  0,1  the  
schedule of the proceeding of the function will have the 
following form (Figure 1) 

 

Fig. 1.The schedule of the proceeding of the function 
 
The analysis of Proceeding of the indicators 

functions of capabilities implementation of military 
formations of the sides indicates that, given the "principle 
of collisions", it will have a wave-like form. It is clear 
that the more one side performs the tasks, the more the 
other side detects the firearms and, accordingly, 
implements a large number of tasks and vice versa. This 
is possible in the case when the parties have enough 
intelligence strength. In addition, it should be noted that 
indicators of the implementation of the capabilities of the 
military formations of the sides in the identified model 
may acquire negative meanings that can not be explained 
in  the  physical  sense.  However,  in  view  of  the  
mathematical interpretation, it can be argued that the 
interaction rates are strongly influenced by the sign. 
Indeed, the results of interaction in the first place is the 
intensity of failures is reduced to the intensity of the task 
of the enemy, in the case when the failure is caused only 
by the task of the opposing side. In this case, the 
interaction constants will be in the range from 0 to 1. 

In addition, the number of tasks performed by the 
sides ( 21, NN ) is a rather ambiguous parameter, 
which, in the case of not being related to the executor 
(tasks),  can  acquire  values  from  +   to  - ,  which  is  
physically incorrect. Therefore, it is proposed to accept 
for the parameter 21, NN , within the limits of the 
research, the ratio of uniform types of military elements 
that  are  ready  to  perform  tasks  to  the  total  number  of  
such elements. 

Also, it is necessary to note several stationary 
solutions of a given system of differential equations 
[10]. So, 0,0 21 NN

 
with all the parameters, the 

solution of the system can be described as an unstable 

node, that is, it is impossible to predict the further 
functions proceeding. If ,01N , 222 caN  if 

2121 cba that solution of the system of equations is 

a saddle if 2121 cba  a stable node. These 
conditions mean that one of the sides will be destroyed 
if its own intensity of the tasks is less than a certain 
critical value. This decision takes place and at ,02N

111 caN . The next decision ,
211221

12221
1 bbcc

bacaN   

211221

211121
2 bbcc

babcN  characterizes roughly the ability 

levels of the parties and is a stable node when the 

condition is fulfilled 
21
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1

2
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b
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c
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Of course, this model can not be without the 
appropriate "calibration" taking into account the actual 
processes that affect the execution of tasks. However, 
when using the model, even in this form, one can predict 
the general proceeding of the functions of indicators of 
the implementation of the capabilities of the military 
formations of the sides for the given conditions, and 
provide the necessary recommendations for increasing 
the degree of implementation of capabilities. 

Conclus ons and further researches d rect ons 
Thus, the use of differential Lotka-Volterra equations 

in creating a model of military use of military formation 
under mutual fire conditions will determine the dynamics 
of changes in the level of capabilities of military 
formation in the conditions of mutual fire impact of the 
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sides and accordingly determine the critical level of 
abilities (the point of bifurcation). In the future, based 
on the information on the dynamics of changes in the 
level of capabilities of the military formation and their 
critical level, it is possible to provide recommendations 
for changing these or other constants or, if possible, the 
initial value of the parameter being studied.  

Further research is proposed to be devoted to 
refining the components of the identified model, in 
particular, the constants and parameters under research. 
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