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MOVEMENT CHARACTERISTICS OF A PROJECTILE AT THE FINAL STAGE WITH SUPERSONIC SPEED
P. Tkachyck, L. Velychko, M. Voitovych, M. Sorokatyi

One of the key challenges in studying the movement of a projectile in the air is determining the functional relationship
between the air resistance force and the projectile’s velocity. Obtaining this relationship analytically can be quite problematic.
Therefore, discrete dependencies between the Mach number and the drag coefficient for a specific type of projectile are
established through experimental research. These relationships are used to determine the values of the aerodynamic drag force,
which are crucial for solving problems in external ballistics.

The authors have developed a methodology for determining the functional relationship between the aerodynamic drag
force and the projectile’s velocity, the speed of sound in the air, and some other factors based on solving the inverse dynamics
problem. Experimental studies indicate that there are three different stages of aerodynamic drag force behavior: during the
movement of the projectile at supersonic, subsonic, and transonic speeds. Therefore, the functional dependence of the aerodynamic
drag force on the projectile's motion is determined separately for supersonic, subsonic, and transonic speeds. The shooting tables
provide discrete dependencies between the aiming angle and the projectile’s flight distance. The dynamics of the projectile are
significantly influenced by the aerodynamic drag force, the projectile’s weight, and the Coriolis force. Since the magnitudes and
directions of the weight and Coriolis force are known, solving the inverse mechanics problem allows us to determine the values of
the aerodynamic drag force. However, a particular feature of the projectile’s motion at the final stages with subsonic or supersonic
speeds, which are increasing, is the emergence of an additional lateral air pressure force. This force is initiated by the variable
velocity vector in the front part of the projectile. As a result of mathematical research, it has been established that the lateral air
pressure force is directed perpendicular to the projectile’s velocity direction within its trajectory, and its average value has been
determined. It has also been found that its magnitude depends on the direction of the velocity and the altitude transition of the
projectile’s speed from subsonic to supersonic. Trajectory graphs of the projectile’'s motion and speed are provided for the final stage
when its speed is increasing from subsonic to supersonic. A comparison of the kinematic parameters of the projectile’s motion
determined by the authors’ method with the results provided in the shooting tables reveals certain discrepancies.

Keywords: external ballistics, projectile motion dynamics, aerodynamic drag force, supersonic projectile speed.
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MATEMATHYHE MOJEJIOBAHHSI BOMOBUX JIii HA JBOX JLISTHKAX
3ITKHEHHSI 3 BAKOPUCTAHHSIM JUHAMIYHOT'O IPOTPAMYBAHHSI 1
MMAKETA CUMBOJBLHOI MATEMATHKHA WOLFRAM MATHEMATICA

Poboma npucesuena eadichugitt npobaemi moOeno8anHs 60UOBUX Oiti HA PI3HUX OLIHKAX 3iMKHEHHs 3
MOAICIUBICIIO Nepepo3nodiny 0otiosux pecypcie 8 x00i borw. Chopmynvosana 3a0aua OUHAMIUHO20 NPOSPAMYBAHHS 3
@yHKYIEIO Yini AK QYHKYIEN 8Mpam CynpomusHUKA, Wo SUSHAYAIOMbCS 3@ OONOMO20K) CUCEMU OupepeHyianbHUX
pisuane  Jlanuecmepa 6 ymosax ‘“‘sucoxoopeanizosarnoco’ 001, nompebye SUKOPUCMAHHSA OOHIEl 3 cucmem
KoMR’1omepHux obuucienb. B pobomi 3a donomozoro naxema Wolfram Mathematica nasooumscs komn’romepna
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peanizayis ma NPUKIAOU pPO36’sA3AHHS 3a0aUi 3HAXOONCEHH ONMUMANLHOL KITbKOCmi OOU0BUX 0OUHUYb, SAKY MAE
PO3ROOLIUMYU NEpuia CMOPOHA 6 NOYAMKOGUI MOMEHM Yacy | wje 6 OeaKull HACMYNHUL MOMEHMm 4dacy no 08ox
OLNSAHKAX 3IMKHEHHS 3 MEeMOoI0 3a60amu MAKCUMATbHUX 6Mmpam opyei cmopoHi (RpomueHuKy) 00 nesHo20 3a0aH020
ROOANLULO20 MOMEHMY 4aCy. 3pOONEeHO aHA3 Pe3YIbmamie po3e’ A3aHHs NPUKIAois.

Knrouosi cnosa: pisnanns ounamixu 6010, pyuxyis yini ax QyHxyis empam, OLAHKU 3IMKHEHHs, Nepepo3nooil
601108UX 0OUHUYb, eheKMUBHA CKOPOCMPLIbHICHb, MAKCUMI3AYIs 6Mpam, OONYCIMUMICIb NAPAMempie nepepo3nooiny.

ITocTanoBka npodaemMu

Maxkcumizanisi BTpaT NpOTUBHUKA € OCHOBHOIO 3a/1a-
YeI0 CTOpiH Ha Pi3HMX IULIHKaxX 3iTKHeHHs . MaremarndHa
MOJIETb Mepepo3noaiTy 00HOBHX pecypciB B X0l 6010 3
LII€EF0 METOIO B Pi3HI MOMEHTH Yacy NPUBOAMTH JI0 HEOO-
XiZIHOCTI PO3B’SI3aHHSI 33/1a4i IMHAMIYHOTO IIPOrpaMyBaHHsL.

3HaxXO/UKEHHS MaKCUMyMY IUTbOBOI (YHKIIi K
(GyHKIIT BTpaT NPOTHBHUKA y 3B’A3KY 3 I CKIIHICTIO
noTpedye KOMIT IOTepHUX oOumcieHb. B maniit pobori
Jutst 11boro Oyito Bukopucrao naker \Wolfram Mathematica,
OCHOBHOIO ITIEPEBAroi0 SKOro HaJ IHIIMMH BiJIOMUMH
nakeramu (Maple, Mathcad, Mathlab ta iHmIME) €
MOJKJIUBICTh BUKOHYBATH SIK YHCEIbHI PO3pPaxyHKH, TaK
i aHamiTHYHI (CHMBOJIBHI) IepeTBOpeHHs1. Bee 11e BaxkIHBo,
SK IIOKa3ye pO3IJISHyTa B CTaTTi 3ajada, Uil MoJe-
JIFOBaHHS OOMOBHX il B 3araJJbHOMY BHUIIAIKY HA N JIUISTH-
Kax 3iTKHEHHsS 3 Mepepo3MOAIJIOM B MMOMEHTIB 4acy,
KOJIM IiJTbOBa (DYHKIisE OyJie MaTH JTOCHUTH TPOMI3JIKHH
BursiA. ToMy HOLIIBHO 3’sICYBaTH OCOOIMBOCTI MOJIENIO-
BaHHs OOMOBHMX Jiiff B Takiii IOCTAHOBILI came 3a JIOIOMO-
TOI0 IIBOT'O TTaKeTa Ha MPHUKIAJi OUTBII MPOCTOI 3ajadi,
Ko N=2im=2.

AHaJi3 OCTaHHIX JOCTiTAKeHb | MyOaikamin

B po6ori [1] Meromom AMHAMIYHOTO MPOrpaMyBaHHsI
(muB. [2]) i3 3acTocyBaHHsAM cucTeM audepeHIiaabHIX
piBasiHp Jlanuectepa (nuB. [3]), mo ommcyroTh AuHa-
MiKy 0010 MiX MOMEHTaMH Nepepo3noAiTy OOHOBMX
OIIMHUIIG IO JBOX JUISHKAX 3ITKHCHHS OHIEIO 31 CTOPIH,
PO3B’si3aHa 3a/iaya 3HaXOKCHH MaKCHMaJbHUX BTPaT
IHIIIOI CTOPOHM 10 33aJ]aHOTO MOMEHTY Yacy, a TaKOoX
BIZITOBIIHOI OIITHUMAJIBHOI KIIBKOCTI OOMOBHX OJUHHIIb,
SKi MOTPIOHO PO3MOAUIATH aKTUBHOIO CTOPOHOIO ITO
NUISTHKaX B TICBHI MOMEHTH 4Yacy. Po3B’s3aHHS i€l
3a1a4di noTpedye BUKOPHCTAHHS KOMII IOTEpa, 30KpeMa
e moxkHa 3pooutn y Wolfram Mathematica — naxeri
CHMBOJILHOT MaTeMaTHKH, KUl MOX€e BUKOHYBaTH aHa-
JITHYHI Ta YUCENbHI po3paxyHku [4,5]. Okpemi mutaHHs
BHUKOPUCTAHHS IAaHOI CHCTEMH, 30KpeMa TIpX JAOCIiDKEHHI
Mojenei 0oioBUX i, BUCBITIEHI y poboti [6]. 3ac-
TOCOBYIOTHCSI KOMIT IOTEpHI ITakeTH abo mporpamy i Ipu
OCTIKCHHI Mojenel OoHOBMX Miif, HampuKiIan, B
poborax [7-10] .

JIyst MOJIeITIOBaHHS IMHAMIKH OO0 BUKOPHCTOBYIO-
TBCSI CHCTEMM IuQepeHmiaJbHuX piBHAHD JlaHdecrepa,
3aCTOCYBAHHS SIKHX 3 PISHUMH [TapaMeTpaMy HiATBEpKYe-
ThCS 1 OCTAHHIMU MyOJTiKaltisiMy, Hanpukiaf, [11, 12].

BimzHaunmMo, o MaTepian JaHoi CTaTTi PO3TIITHYTO
Ha KoHpepenii [13].
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Mera crarri

PosB’s3atu 3a gomomororo makera Wolfram
Mathematica 3amauy Makcumi3aliii BTpaT CynpoTUBHUKA
o JABOX mapamerpax (KUTbKOCTSIX OOHOBHX OJMHHMIIb, SKi
Ma€ MOXXJIMBICTH OJ[HA CTOPOHA PO3IOUIMTH HAa IEpLIY
IUISTHKY 3iTKHEHHS B TIOYaTKOBHI MOMEHT 4acy 1 mepe-
KHHYTH 3 TICPIIOL JUITHKY Ha JPYTY B ACSIKANA HACTYITHUI
MOMEHT Yacy), BPaXxOBYIOYH JOMYCTUMICTh IUX Iapa-
MerpiB. HaBecTy npukramy i mpoaHatizyBaTH pe3yJIbTaTH
X po3B’s3aHHSL.

Buksiax ocHOBHOro Marepiany

1. Bxinni nani 3agadi Ta orpuMaHi pe3yJabTaTH.
HaBenemo mocTtaHoBKy 3anadi (auB. [1]).

1. PosmsmaeTnes Oiif Mixk ABOMa YrpyITOBaHHSMU.
croponami 1, 2 3 uncenpHOCTsIME K, L Biamosigao. CTo-
POHM BOIOIOTh Ha JIBOX JIJITHKAX 3ITKHEHHs. BoHM MatoTh
oJHOpinHI 0OHOBI OAMHMIY, HE 00OB’S3KOBO OIXHOPIIHI
MDK c000I0.

2. B momenT uacy {y =0 Ha mepury AiISHKY 3iTK-

HEHHSI PO3IOIUIAETCS IesKa KUTBKICTh OOMOBHX OIMHHUITH
K croponu 1 (ehekTHBHA CKOPOCTPLIBHICTS KOXKHOI O0HO-
BOI ONVMHWIN JOpIBHIOE 0Ol7) i Jesika KUIBKICTh OOHOBHX
omyHHIB Ly croponn 2 (eeKTHBHA CKOPOCTPUIBHICTH —
Oy ); Ha JIpyry IimsHKy, Bimmosimao, K —K; omxuHmm
croponn 1 (edexTHBHA CKOPOCTPUIBHICTE —0y) 1 L—1
OZMHHI CTOPOHH 2 (epeKTHBHA CKOPOCTPUIBHICTE — QL) ).

3. B momeHT uacy 4 >ty 3 mnepuoi AiUISHKM Ha
JpYry HepeKuaaeTbes Jeska KilbkicTs Koy He yIKomke-
HUX OOHOBHX OAMHHIL CTOPOHH 1.

4. Biil npogoBKy€eThCs 10 MOMEHTY uacy t > 1.

5. s MonemoBaHHS NTUHAMIKH OO0 BUKOPHCTO-
BYIOTBCSI CHCTEMH JH(epeHIlialIbHIX PiBHAHB JlaHuectepa.
BBaskaeTnes, 10 Mk MoMeHTamu dacy by i t,; (k=0,1)
6iif BinOyBaeThCs 32 YMOB “BUCOKOOPTaHI30BaHOTO
ooro” [3].

6. Ilicns mepeposmoziny OOHOBHX OAWMHMIL CTO-
ponu 1 3 mepioi IiISHKY HA IpYyry BigOyBaeThes 3MiHA
cepeHbOoi e(heKTUBHOI CKOPOCTPLILHOCTI OOHOBUX 0O/1H-
Hune croponu 1. Cepennst eekTHBHA CKOPOCTPLIBHICT
CTOPOHH 2 3aJIMIIAETHCS HE3MIHHOIO.

3agava mMosrae B TOMY, IO Ha KOKHOMY 3 JIBOX
erarmiB OO, MOYUHAIOYN 3 OCTAaHHBOT'O (3TiHO 3 METO-
JIOM TMHAMIYHOrO TPOrpaMyBaHHs), HEOOXiTHO MaKCHMi-
3yBaTd aJWTHBHY (QYHKLIIO IIiJIi, IO € CyMOIO BTpar
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CTOPOHH 2 HA JBOX AUITHKAX 3ITKHEHHS B MOMEHTH 4acy
ty,t; 3a mapamerpamu K; i Ky, BianosigHo. ITpu npomy
KUTBKICTh HEYIITKO/PKCHUX OTUHUIIL 000X CTOpIH SK (PyHK-
i yacy 3HaXOAATHCA 3a JOIIOMOIOI0 BiJITOBIIHHX pO3-
B’s3KIB cucTeM audepeHnianbHuX piBHAHB JlaHdecTepa
i3 33laHMMH [TOYaTKOBMMH YMOBAMH, IO 3aJICKaTh Bij
mapametpis K; i Ky [1].

BrpaTtu croponu 2 Ha apyromy erami 600, TOOTO

BiJt MOMEHTY 4acy Y 1o MOMeHTy yacy ty, mHo3Hauaro-
Thest W, (Kq,Ky) 1 oGuncirorotses 3a popmysioro
W (Kq, Ka) = Xp (ty, Ky) = %o (t2, Ky, K) +
+Y2 (1, K1) = 2 (2, Ky, Kp)
JIe KUTBKOCTI HEYIIIKOIDKEHUX OOMOBHX OIWHUIIG CTOPOHH 2,
BIANOBiZHO, B MOMEHTH 4acy 1,1, .

HA TePIIii TiIISTHIT

Xo(ty, Kq) = 1 Ak, (—e\'o‘lo‘Ztl 4 e Vo102l ) N
2 (0%
Jfll—l(e\'o‘lo‘2t1 +e7V°‘1°‘2t1j, 1)
Ha JAPYTid DUTSHIT

1
Y2 (t, Kp) =3

X oqop'ty _ —Joqan'ty
—K {e —-e +

a2

- Ll)[e\)alaitl +e—\/0t10t2't1j+
i (1_ {_6\10‘10‘2"1 re 0‘10(2'(1}' @)
2

0LZ
HA TePIIii TiIISTHIT

%o (tp, Ky, Kp) =

= l /a_lﬂKz [e\l(n"az (t2-t1) _ e\locl"az (1 -t2) ] +

2 (05)

+%X2 (t, Kl)[e«/al"(lz(tZ_tl) +e\/0t1"0t2(t1—t2)j+
+= Xl(tl,Kl)[ eVar'e2 (t—tt) | gon'az (- tz)j 3)

Ha JAPYTid DUTSHIT
¥2(ty, Ky, Kp) =

_1 Ot_l'K2 (_e\/al'az' (1) | gVen'@ (tl_tZ)J+

2(12

+% Yo (4, Kq) [e\/al,OLZ, (t2-t) | e\/ocl'az’ (ti—tp) j .
+% vy (g, Kl)[_e\/oq/ocz/ (te-t) e\/al’az' (tl_tZ)j' )
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KinpkocTi HeymKopkeHHX OOHOBHMX OJWHMIB CTO-
pouu 1, BinnoBigHO, B MOMEHTH 4acy fj,t, Ha nepumii
JUITSTHIT

X]_(t]_,K]_) _ ( q(xloc t]_ +e —4/ 0102 tlj

+l /%Ll (_e\/alaztl e Vo2l ), (5)
o1

2
Ha JPYTid DUTSHIT

yl(tl,K1)=%K[ o102t _ ‘V“1“2t1j+

+1 OL_Z' (L-Ly) _eV agap'ty 1oV agop'y n
2 g
+%K [e“alaz’tl +e alo‘Z,tlj, (6)

HA TePIIii TiIISTHIT
X (ty, K1, Kp) =

_1 K, [_e\)al"az (o) _ gyou'p (tl—tz)j "
+£ &Xz (t;, Kl){_e\falﬂaz (t2—t) | gVou o2 (tl_tZ)}L
2\ o
+%X1(t11 Ky) [e\]al"az (tt) | gVou'az (1-tp) j ©)

Ha JPYTid DUTSHIT
Y1 (tr, Ky, Kp) =

2K, [e\lal,azl (ta—t1) | gVar'ar (tl—tz)jJr
+% a_z' y2(t, Ke) (—e oz () | glaror (1) J +

o

+% Yy (t, Kq) [e Joa'az (t2=4) | gor'az (4-t2) j (8)

BinnosinHi 3MiHEHI epeKTUBHI CKOPOCTPIIIEHOCTI Tep-
IOl CTOPOHU Micis 4acy Y Ha mepuuiif i Apyrid minss-

Kax, BIJIIOBIIHO,

" K ’ K
o =0y 1——2 , o =0 1+—2 .
xq (tg, Kq) xq (1, Ky)

Taka 3MiHa €PEeKTUBHUX CKOPOCTPIIBHOCTEH 1ep-
1roi cropoHy (Ha APYTid JISHII BOHA 3pOCTe, a Ha TepLii
3MEHIIHUTHCS) OOYMOBIICHA, HATIPUKIIAL, [TEPEPO3MOALTIOM
001OBNX OJJMHUIG HA ITIEPETOBUX IO3MIIISIX IUISTHOK 31TK-
HeHHS a00 3aMiHOIO O030pO€HHS Ha OUIBII YM MEHII
edexTuBHE.

LinboBa ¢yHKIISL HA Apyromy erari 60r0:
W (Ky) = _ max Wy (K. Kj).
[1:’2;7\'2“:[0;[:\'1(11;Kl)]-ljl

Tyt [x(4;Ky) |- nista gactuna uncna x (t; Ky ) -



74 BiiicbkoBo-TexHIUHNI 30ipHUK

29 /2023

CyMapHi BTpaTs 3a Bech 0ilf CTAHOBIISATH BETUIHHY
Wy (Kq) = L=Xp (g, Ky) = Yo (g, Kp) +Wo (Ky).

Kinuesa minpoBa GyHKIIS 32 MiApaxXyHKaMH cymap-
HHMX MaKCHMaJbHUX BTPaT CTOPOHH 2 3a Bech Oiif Mae
BUTJISI

W= __max wy (Kp).
[Kl ;KlJ:[Z;K—l]

2. Ilpukyagu Ta iX po3B’sI3aHHA 32 /I0NIOMOT0I0
nakera Wolfram Mathematica.

Ipukman 1. 3a ymoB 1-6 BinmOyBaeThcs Oiif Mix
JIBOMa YTrpyHOBaHHSAMH. CTOpoHOIO 1 i cTopoHoi0 2.
(dnst mepeBipkr poOOTH 3alPOIIOHOBAHOT MOJIETI B3SITI
YHcIa, SKi COPOLIYIOTh 00YHCIeHHs. B noganemiomy ix
MOXKHa Oyne NpHB’S3aTH JI0 KOHKPETHOI CTaTHCTHKH
6oiioux niit). Cropona 1 mae 60 OOHOBUX OTUHUIIb,
cepeHs epeKTHBHA CKOPOCTPUIBHICTE KOXKHOI OOHOBOI
onuHUII — 2,4 ocTpinm 3a roxuny. [lpyra cropoHa mae

{K, L, L1, al, a2, a2p} = {60, 90, 60, 2.4, 1.4, 2};

1
x1[t1 , K1 ]==~ *Kl* (e«/ahaz *tl e-'\/alwaZ ttl)

90 GoitoBMX OMHUIG, TPHYOMY Ha MEPITy AUISTHKY pO3-
niozaiieno 60 OOHOBMX OAMHUI 3 CEPETHBOIO €(hEKTHBHOO
ckopocTpinpHicTIo 1,4 mocTpinu 3a roauHy, a Ha APYry
ninsHKy — 30 GOHOBUX OJMHUI 3 CEPEAHBOIO e(hEeKTHB-
HOIO CKOPOCTPUIBHICTIO 2 TTOCTPLIH 32 TOAuHY. SIKy Kijb-
KicTh O0MOBMX OAMHUIG ITOTPIOHO PO3MOAIIMTH CTOPOHI
1 Ha mepiry AUITHKY B IOYaTKOBHH MOMEHT 4Yacy i mepe-
KUHYTH 3 TIepIIOol AULIHKK Ha Apyry depes 0,2 rogunm,
1106 gepe3 0,3 rouHu CTOpOHA 2 Malia HalOUIBII BTpaTH?

Po3B’s13aHHs NONIATAa€E B HACTYITHOMY:

Y Wolfram Mathematica BBouMo 1mouaTkoBi yMOBH
3a1a4l y BUIVISII CIIMCKY: ITOYAaTKOBI KUTBKOCTI OOHOBHX
OIMHUI cTOpiH 1 1 2, KiTbKiCTh OOHOBHX OIMHHILG CTO-
pPOHM 2 Ha ApYrid IijsHIOi, cepefHi edeKTHBHI CKOpO-
crputsHOCTI cTopiH 1 1 2 Ha ninsHkax 1 Ta 2. Hactymaum
KPOKOM BBOJMMO (hopMynu aisi 0OUHCIEHHS KUJIBKOCTI
HEYLIKOKEHUX OOMOBUX ONMHHUIL B MOMEHT yacy Y

cropin 1, 2 Ha 000X JIUISHKAX:

+ E = ' f il ( eValxaZ xtl | o -Valva? ,:1) .
2 al

x2[t1 , K1 ] = l ' — Wil alsa2 xtl e~\/alwa2 *:1) " E *L1 % ( \/al*a2 *tl e«\/al*a2 -:1) .
- - 2 a2 2

yi[tl , K1 ] = ;*Kl* (_ \/a1¢a2p *tl e—‘\/al*a2p .u) . % . ’ alp % (L-11) » ( '\/alfaZp *tl e-«/ahazp ,:1) .
a

% iR (e'\/alaa2p 1 e—'\/al:aZp ,u) ]
2[t1. , K1 ] = .
y2[tl , K -
2
i . al SR (_e-\/alaa2p *tl % e»'\/alaa2p ttl) ;
2 a2p

3a3HauuMoO, WO A 3aJaHOro 4acyl; mapamerp
K1 Moxe mpuiMaTty JIUie JOIyCTHMI 3HAU€HHs, BUXO-

JIT9¥ 3 YMOB, III0 HA KOKHY JUISTHKY 3ITKHEHHS Ma€e OyTH
po3monijicHa TpUHAWMHI OfHA OOHOBa OJWHHUIIA i BCI
posB’s3ku (1), (2), (5), (6) MaroTh OyTH NOZATHUMHU TPU
1mux 3HaueHHsIx K.

Hacrynmanvu kpokam¥u BizicikaeMo BCi 3HaYEHHS 11apa-
merpa K, Ipu AKUX KUIbKICTh HEYIIKOPKEHHX OOHOBHX
OIMHUIIF CTOPOHU 1 Ha TIepIIiii AUISHII CTa€ MEHIIIE TBOX
a00 KUTBKOCTI HEYIIKOJUKEHUX OOHOBUX OIMHHMIL CTO-
ponu 1 Ha repiii TUISAHIN Ta CTOPOHU 2 HAa 000X AiJISH-
Kax CTaloTh BiJ€EMHUMH 1 BCTaHOBJIIOEMO 3HAYCHHS

k=2; t1=0.2;

’ a21 e (e-\/_alxa2p *tl _ o -valsaZp *:1) . % « (L-L1) (e\/alfa2p xtl | o-vValeazp *:1) .
azp

K1— KibKicTb OOMOBHMX OIUHUIb, SKY MOMHA PO3HOAL-
JMTH CTOPOHI 1 Ha mepie mose B MMOYaTKOBUH MOMEHT
yacy. 3a BUBEIEHUMH pe3yabraramMu Oauumo, 1o Kj
MOXe mpuiimatd 3HadeHHs Bixm 18 no 48 (sxmo Ha
MepIry TUISHKY B TIOYaTKOBUIT MOMEHT po3moximnt 17
0olOBUX ONMHUIIL, TO B MOMEHT 4acy Y Hemae uoro
MepeKuJaTi Ha ApPYry IUISHKY, a SKII0 Ha Mepury
JUITHKY B TIOYAaTKOBMI MOMEHT po3nozainuta 49 Goiio-
BHUX OJUHMIIH, TO HA JAPYTiHl AUISHIN A7 cTOpoHU 1 Oiif
3akiHunThCA panime wacy t =0,2 rox.). Hacrymmuit

KOJl BUBOAUTb K; 1 YETBIpKH (Xl; Xo; Y1: Y2 ) :

While[! (x1[tl, k] >= 2 && x2[tl, k] >0 && y1[tl, k] >0 && y2[tl, k] >0) , k=k +1]

Print[k]
18

While[ (x1[tl, k] >= 2 && x2[t1, k] > 0 && y1[tl, k] >0 && y2[tl, k] >0) , k=k+1]

Print[k]

49
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€1i= 025

For[k =17, k<50, k++, Print[k, "

i {0.976395, 55.7333, 34.8068, 11.6195}
18 {2.04435, 55.2425, 33.7092, 12.115}
19 {3.11231, 54.7517, 32.6117, 12.6105}
20 {4.18026, 54.2609, 31.5141, 13.1061}
21 {5.24822, 53.77, 30.4166, 13.6016}

22 {6.31618, 53.2792, 29.319, 14.0971}
23 {7.38413, 52.7884, :'28.2215, 14.5926%}
24 {8.45209, 52.2976, 27.1239, 15.0881}

25 {9.52004, 51.8067, 26.0264, 15.5836)}
26 {10.588, 51.3159, 24.9289, 16.0791}
27 {11.656, 50.8251, 23.8313, 16.5746)}
28 {12.7239, 50.3343, 22.7338, 17.0701}
29 {13.7919, 49.8435, 21.6362, 17.5656)

30 {14.8598, 49.3526, 20.5387, 18.0611}
31 {15.9278, 48.8618, 19.4411, 18.5566}
32 {16.9957, 48.371, 18.3436, 19.0521}
33 {18.0637, 47.8802, 17.246, 19.5477}
34 {19.1316, 47.3893, 16.1485, 20.0432}
35 {20.1996, 46.8985, 15.0509, 20.5387}
36 {21.2676, 46.4077, 13.9534, 21.0342}
37 {22.3355, 45.9169, 12.8559, 21.5297}
38 {23.4035, 45.426, 11.7583, 22.0252}
39 {24.4714, 44.9352, 10.6608, 22.5207}
40 {25.5394, 44.4444, 9.56321, 23.0162}
41 {26.6073, 43.9536, 8.46567, 23.5117}
42 {27.6753, 43.4627, 7.36812, 24.0072}
43 {28.7433, 42.9719, 6.27058, 24.5027}
44 {29.8112, 42.4811, 5.17303, 24.9982}
45 {30.8792, 41.9903, 4.07548, 25.4938}
46 {31.9471, 41.4994, 2.97794, 25.9893}
47 {33.0151, 41.0086, 1.88039, 26.4848}

48 {34.083, 40.5178, 0.782847, 26.9803}
49 {35.151, 40.027, -0.314699, 27.4758}

Jani s koxsoro K B paHilie 3HaiieHuX foILyc-
TAMHUX MEXaX 3HaXOAWMO JOITYCTHMi 3HAYCHHS Iapa-
Mmetpa K, (T0OTO, SIKy KiNBKICTh OOHOBHMX OIMHHIE i3

qucma X (f,K;) omumms croponm 1, mo 3ammmmchk

HEYIIKOKEHIMH Ha MEpIIii JUISHIN, MOXKHA TTIEPEKUHY-
TH Ha ApYry AimstEKy). [l mhoro sHaxomMo K2 1 K2
Taki, o0 U1 BCIX HiuX K, [1?312'2] Ha nepuiiii ai-

JISTHITL 31TKHEHHS ITCII TICPEKUIaHHs OOMOBHUX OIMHUIID

© O.K. dypcenko, H.M. Uepnoo, I'.M. AHTOHEHKO

", {x1[tl, k], x2[t1, k], y1[tl, k], y2[tl, k]}]]

Ha JpYry JiISHKY 3ajHIIAIAach MPUHAWMHI OJHA OIH-
Ui 1 poss’ssku (3), (4), (7), (8) Oyam momatHuMH.

CripaBeIHBO, 10 [fz'z K> ] <[ 0;[x 4Ky 1] SAxmo s

nesikoro K He migOuparoThest X» i K) 3a 3a3HAYCHHMMH BU-
1ie yMOBaMH, TO Take K IOTpiOHO BUKIIOUUTH 3 POSLILLIY.

Jami HaBomurhest kon (mwB. ko 1) 3a migpaxyHKOM
KUTBKOCTI OOMOBHUX OJMHHUITE 000X CTOPIH, IO 3aJIUIIIU-
JIMCh HEYLIKOMKEHUMH B MOMEHT dacy 1.
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Ko 1:
x2c[t2 , k , k2 ]=
k2

alp = al (1- —_—
x1[t1, k]

BiiicbkoBo-TexHIUHNI 30ipHUK
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] . % N ' alzp k2 % (e\/alpra2 *(t2-t1) _  Valpra2 *(n-cz)) .
a

E *x2[t1, k] * (e'\/alpra2 *(2-t1) e'\/alpaa2 *(c1-:2)) i i *#x1[tl, k] * (_e'\/alpaa2 *(82-t1) e'\/alpaaZ g(c1-c2)) .
2 2

k2
——
x1[tl, k]

)

y2c[t2 , k ,k2_] = [alpp =alx (1

E*Ylltll k] * (_e‘\/alpp*aQPi(t2-t1) % e'\/alpptaZpt(tl—t2))]

)

«/alp—.az.m»tzn) ..

k2

xlc[t2 , k ,k2_] = m
x ’

alp=alx [1 -
E *k2 % (_e\/alpfaZ *(£2-t1) _ e
2

% *x1[tl, k] (e’\/alptEQ *(t2-t1) e\/alpta2 *(t1-t2) )] ;

):

E k2% (e\/alpp*a2p!(t2—t1) " e«/a1pp.a2p.(c1-t2)) & E &
2 2

k2

yle[t2 , k , k2 ] = S
e x1[t1, k]

alpp = al (1 +

%*Ylftll k] * (ew/alppﬁzp*(n-n) & e'\/alppwaZpa(tl-tZ)))

Hactymauii ko (AuB. KO 2) AJsl KOXXHOTO JOMyC-
tumoro K; BusHauae pomyctumi K, . B HbOMY (hopmye-
ThCs MacuB y MacuBi (BHyTpimHid MacuB Kl dopmye
crmcok map (Kq; Ky) mas ¢ikcoBanoro 3Ha4eHHs mapa-

metpa Ki, a 30BHIIHII MacuB A — nepeOupae CIUCKU
no Bcix K;). BuBenmeno mapm mOmycTHMHX 3HAa4YeHb
napametpis (Ky; Ky), mpudomy ogHoMy 3Hauennio Kj
MOX€ BIINOBIZATH JeKiibKa 3HaueHb K,. 3ayBakumo,
3HaueHHs napameTpa K Bix 18 1o 22, axi Oynu BusBiIeHi

Ha TepuiomMy eraril NporpamMu, BUKITFOYAOTHCA 3 PO3IILAAY.
Tomy B HactynHOMY Koxi (mB. kon 3) GopMyeThcs MacuB
Kon 2:
£1:=10..2;
Do[
A = Append[A, KI];
KI={};
i= 0;
cx=%1[tl; k] -1;
While[0 <i &&i < cx,
Xlec = xle[t2, k, k2] /.
Yic=ylc[t2;:k; k2] /s
X2c = x2¢c[t2, k, k2] /. {k2 5 1i};
Y2c = y2¢[t2, k, k2] /. {k2 »i};
Print[Xlc, Ylc, X2¢, Y2c, " I,
If[X2c >0 && Y2¢ >0 && X1lc >0 && Ylc >0,
KI = Append [KI, {k, i}];

izi+l,

{k2 > i};
(k2 »i};

"ok, "

i=1i+1;Continue[]]],
{k, 18, 49}]
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: . ’ a12 ex2[t1, k] * (_e\/alpta2 *(t2-t1) e'\/alp*a2 ,(c1—t2)) .
alp

. (_e\/alpplaZP*(t2-t1) + e‘\/alpp*aZpi(tl—tZ)) . % *#y2[tl, k] * (e‘\/alpp*a2p*(t2-t1) + e‘\/alpp*aZp*(tlAtZ)) .

a2p
alpp

«y2[tl, k] « (_e‘\/alppta2pf(t2—t1) = e\/alppfaZp!(tl—tZ)) i

’

AA, sxuii BUKIIIOdae MopoXkHi apu 3 Macusy A. [lami B
soMy Kogi Juist koxxHoi mapu (Kq; K,) minpaxoByroTses
BTpaTl CTOPOHM 2 Ha JApyromy etami Ooto, a came
Wy (Kq,Ks) , 1 m1s koxsoro K; 3HaxomsThest HalOLIbIT

Brpatn W, (K;) mo Bcix BimmoimHmx K, i3 BHyTpim-
Hboro MacuBy Kl, 3amam’siToByeTtses ontuMainsie Ko i 06-
YHUCIIOIOTHCS BTPATH CTOPOHU 2, a came Wi (K ) . dopmye-
Thes Macus Fuetsipok. (Ky; Ko (ormavamsre)Wa (Kq );w (Ky))

Hwxde HaBeneHo TpW KOAM 1 pe3ysbTaTH c(hOpMYyIBO-
BaHMUX OOYMCIICHB.

k=18; t2=0.3; A={}; BA={}; RI={}; F={};

", ex];
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Kox 3:

n = Length[A];
For[j=1, j<=n, j++, If[Length[A[[j]]] >0, AA = Append[AA, A[[]]]]]]
w2[k , k2 ] :=x2[tl, k] - x2c[t2, k, k2] +y2[tl, k] -y2c[t2, k, k2];
wl[k , mx ] :=L-x2[tl, k] -y2[tl, k] + mx;

m = Length[AA] ;

For[j

=1, j<=m, je+,

Boiiose 3acrocyBanust OBT

mx=0; kk=1; kk2=1; P=Length[AA[[]j]]];

For[p=1, p<=P, p++,

ww2 =w2[AA[[], p, 1]], AA[[], P, 2]1]7

If[mx <ww2, mx =ww2; kk = AA[[j, p, 1]]; kk2 = AA[[F, p, 2]]11]:
F = Append [F, {kk, kk2, mx, wl[kk, mx]}]]
Print[F]
Print[AA]

Jonycrumi mapu (Kl; K2) :

({23,
{27,
{31,
{35,
{38,
{41,
(45,

0, 6.35277, 28.9718}, {24, 1, 6.67742, 29.2918}, {25, 2, 6.95309, 29.5627}, {26, 3, 7.19911, 29.8041},

4, 7.42571, 30.026}, {28, 5, 7.63879, 30.2344}, {29, 6, 7.842, 30.4329}, {30, 7, 8.03774, 30.624},

9, 8.74803, 31.3296}, {32, 10, 8.93778, 31.5147}, {33, 11, 9.12307, 31.6953}, {34, 12, 9.30461, 31.8721},
13, 9.48298, 32.0458}, {36, 14, 9.65863, 32.2168}, {37, 15, 9.83192, 32.3854},

17, 10.5746, 33.1234}, {39, 18, 10.7437, 33.2878}, {40, 19, 10.9111, 33.4505},

20, 11.077, 33.6117}, {42, 21, 11.2415, 33.7715}, {43, 22, 11.4047, 33.9301}, {44, 23, 11.5669, 34.0876},
25, 12.3133, 34.8293}, {46, 26, 12.4718, 34.9831}, {47, 27, 12.6295, 35.1361}, {48, 28, 12.7864, 35.2884}}

{{{23, 0}}, ({24, 0}, {24, 1}}, {{25, 0}, {25, 1}, {25, 2}}, ({26, O}, {26, 1}, {26, 2}, {26, 3}},

{27,
({29,
{{30,
({31,
{32,
{33,
({34,
{34,
{35,
{{3e,
{36,
{37,

{38,
{{39,
{39,
{{40,
{40,
{{41,
{41,
({42,
{42,
{43,
{43,
{{44,
{44,
{44,
{45,
{45,
({46,
{46,
{46,
147,
(47,

0}, {27, 4},
0}, {29, 1},
0}, 30, 4},
0}, {31, 1},
0}, {32, 1},
0}, £33, i},
0}, {34, 1},
9}, {34,
S} 85y

{29,
{30,
{31,
{32,
{33,
(34,

{127,.2%,
2},
2},
2},
2},
2},
2},
10}, {34,
6}; £355; 7}, (355 8}, {35, 9}, {35, 10}, {35,.11},; {35, 12}, {35, 13}};

{27,
{29,
{30,
{31,
{32,

3},
3},
3},
3},
3},

{27,
{29,
{30,
{31,

433, {{28;, 0}, {28, 1}, {28, 2}, {28, 3}, {28, 4}, {28, 5}},
4}, {29, 5}, {29, 6}},

4}).,. 430; 5}, 130,. 6}, {30,
4%}, {31, 5%, {31, .6}, {31,
{324}, {32, 5); {32; 6); {32;
{33, 3}; {33, 4}, {33, 5}, {33, 6}; {33, 7}, {33, 8}, {33, 9}, {33, 10}, {33, 11}},
{34, 3}, {34, 4}, {34, 5}, {34, 6}, {34, 7}, {34, 8},

11}, 5038, E2¥Y, {135, 0%; 135, 1), {85, 2} $35; 3}, {35; 4},

733,
7}, {31,
73, {32,

8}, {31, 911,
8}, {32, 9}, {32, 10}},

0}, £36,. 13}, 136,.2}), 136, 3}, {36, 4}, {36, 95}, {36,.6}, {36, 7}, {36, 8}, 136, 9), {36, 10},
11} {36, 12}, {36; 133}, 136, 141}, {{37: 0}, {37, 1}; 137:; 2}, 437, 3}, {37; 4}, {37, 5}
6} 4371}y 374518 5 {375 9)y {375 3035 8T, 11y 1375 02} 87, 183, (3T 14}, {3874 15} )s
{{38, 0}, {38, 1}, {38, 2}, {38, 3}, {38, 4}, {38, 5}, {38,631, {38, 1}, {38, 8}, {38, 93,

10}, {38, 11}, {38, 12}, {38, 13}, {38, 14}, {38, 15}, {38, 16}, {38, 17}},

0}, 39, 1} #39; 2}, {39, 3%, 139; 4}, {39; 5}; {39, 6}, {39, 7}, {39, 8}, £39;
103}y 395 11}y 1395 12}, {89 13}, §39; 14}, [39; 15}, 4395 16}, {839 17} {39;
0}, {40, 1}, {40, 2}, {40, 3}, {40, 4}, {40, 5}, {40, 6}, {40, 7}, {40, 8}, {40,
11}, {40, 12}, {40, 13}, {40, 14}, {40, 15}, {40, 16}, {40, 17}, {40, 18}, {40,
0}, {41, 1}, {41, 2}, {41, 3}, {41, 4}, {41, S}, {41, 6}, {41, 7}, {41, 8}, {41,
11}, {41, 12}, {41, 13}, {41, 14}, {41, 15}, {41, ¥6},; {41, 17}, {41, 18}, {41,
o}, {42, 1}, {42, 2}, {42, 3}, {42, 4}, {42, 5}, {42, 6}, {42, 7}, {42, 8}, {42,
11}, {42, 12}, {42, 13}, {42, 14}, {42, 15}, {42, 16}, {42, 17}, {42, 18}, {42,
9% 1435 1% #4385 2): 1435 3}, 143; %), 143,53}y 143, 6} 43, T3y 1435 8%, $43;
12}, {43, 13}, {43, 24}, {43, 15}, {43, 16}, {43, 17}, {43, 18}, {43, 19}, {43,
0}, {44, 1}, {44, 2}, {44, 3}, {44, 4}, {44, 5}, {44, 6}, {44, 7}, {44, 8}, {44,
11}, {44, 12}, {44, 13}, {44, 14}, {44, 15}, {44, 16}, {44, 17}, {44, 18}, {44,
20}, {44, 21}, {44, 22}, {44, 23}}, {{45, 1}, {45, 2}, {45, 3}, {45, 4}, {45, 5}, {45, 6},

7}, {45, 8}, {45, 9}, {45, 10}, {45, 11}, {45, 12}, {45, 13}, {45, 14}, {45, 15}, {45, 16},

17} 45, X8}, {45; 19}, {45, 20}; {45, 21}, §45; 22); {45; 23): £45; 24): {45; 25}}:

3}, {46, 4}, {46, S}, {46, 6}, {46, 7}, {46, 8}, {46, 9}, {46, 10}, {46, 11}, {46, 12}, {46, 13},
14}, {46, 15}, {46, 16}, {46, 17}, {46, 18}, {46, 19}, {46, 20}, {46, 21}, {46, 22}, {46, 23},

24}, {46, 25}, {46, 26}}, {{47, 4}, {47, S}, {47, 6}, {47, 7}, {47, 8}, {47, 9}, {47, 10}, {47, 11},
123}, {47, 13}, {47, 143}, {47, 15}, {47, 16}, {47, 17}, {47, 18}, {47, 19}, {47, 20}, {47, 21},

22}, §47, 23}, {47, 23}, {47, 25), {43; 26}, {47, 27}}, ({48, 5), {48,:6}, {48, 7}, {48,/'8};

9},

183},

9}, {40, 10},

1933,

9}, {41, 10},

19}, {41, 203},

9}, {42, 10},

19}, {42, 20}, {42, 21}},
9}, {43, 10}, {43, 11},
20}, {43, 21}, {43, 223},
9}, {44, 10},

19},

{48, 9}, {48, 10}, {48, 11}, {48, 12}, {48, 13}, {48, 14}, {48, 15}, {48, 16}, {48, 17}, {48, 18},
{48, 19}, {48, 20}, {48, 21}, {48, 22}, {48, 23}, {48, 24}, {48, 25}, {48, 26}, {48, 27}, {48, 28}}}

Yersipkn (Ky; Ky (omramanshe);W, (K );wi (Ky)) :

{23,
(25,
{28,
31,
(34,
(37,
(40,
(43,
(46,

0, 6.35277, 28.9718}, {24, 1, 6.67742, 29.2918},

2, 6.95309, 29.5627}, {26, 3, 7.19911, 29.8041}, {27, 4, 7.42571, 30.026},

5, 7.63879, 30.2344}, {29, 6, 7.842, 30.4329}, {30, 7, 8.03774, 30.624},

9, 8.74803, 31.3296), {32, 10, 8.93778, 31.5147}, {33, 11, 9.12307, 31.6953},

12, 9.30461, 31.
9.83192, 32.
10.9111, 33.
11.4047, 33.
12.4718, 34.

15,
19;
22,
26,

8721}, {35, 13, 9.48298, 32.0458}, {36, 14, 9.65863, 32.2168},
3854}, {38, 17, 10.5746, 33.1234}, {39, 18, 10.7437, 33.2878},
4505}, {41, 20, 11.077, 33.6117}, {42, 21, 11.2415, 33.7715},
9301}, {44, 23, 11.5669, 34.0876}, {45, 25, 12.3133, 34.8293},
9831}, {47, 27, 12.6295, 35.1361}, {48, 28, 12.7864, 35.2884}}
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HaBoaumo Ko Ais ApyKY LIECTIPOK (Kl; K, (onrrumanshe); X ; Y15 Xo; Vo ):

Q = Length[F] ;

For[g=1, g<=Q, g++, Print[F[[q, 1]], "
" ", yle[t2, F[[q, 111, F[[q, 2]11, " ",
y2e[t2, F[[q, 111, F[[q, 2]]1]1]

23 0 0.0767012 25.9596 52.3166 8.7116
24 1 0.204879 25.8375 51.8248 8.8834
25 2 0.334989 25.6973 51.3188 9.11846
26 3 0.466445 25.5446 50.8035 9.39245
2% 4 0.598877 25.3827 50.2819 9.69211
28 S 0.732038 25.2139 49.756 10.0096
29 6 0.865759 25.0399 49.2272 10.3399
30 7 0.999918 24.8618 48.6962 10.6798
3 9 0 T21137. 25.7581 48.2309 10.4395
32 10 0.256611 25:57%9 47.6927 10.7927
33 11 0.392238 25..3837 47.1546 3141502
34 12 0.527992 25..1939 46.6166 11:.5112
35 13 0.663854 25.0028 46.0789 11.8753
36 14 0.799807 24.8104 45.5415 12.2417
37 15 0.935838 24.6171 45.0043 12.6103
38 11y 0.0635359 25.492 44.5056 12.371
39 18 0.199951 25.2959 43.9689 12.7433
40 19 0.336395 25.0993 43.4327 13.1168
41 20 0.472865 24.9023 42.8969 13.40915
42 21 0.609359 24.7047 42.3615 13.8671
43 22 0.745873 24.5068 41.8264 14.2435
44 23 0.882405 24.3086 41:.. 2907 14.6207
45 25 0.0130729 25.1745 40.7958 14.3749
46 26 0.149749 24.975 40.2629 14.754
47 21 0.286432 24.7752 39.7302 15.1336
48 28 0.423119 24.5753 39,1979 15.5137

Tenep 3 orpumanux 3HaueHb W (K;) obmpaemo
Hali0inbie. 3HauyeHHs Ky, 0 BiANoBizae HaiOLIBIIOMY 3
orpumannx W (K;), € ontumansHuM ducioM 0OHOBHX
OJVHHUI CTOPOHM 1, sike MOTPiOHO PO3MOAIIMTH Ha
MepIy AUITHKY B ITOYaTKOBHI MOMEHT 4acy. 3Ha4EeHHS
K,, mo BianoBinae ontumansHoMy Ki, € Tex omnru-
MaJTbHAM YUCIIOM OOHOBHX OIMHHIIb, SIKE MOTPIOHO Tepe-
KUHYTH 3 [IEpIIO] JiISHKU Ha JAPYTy B MOMEHT uacy 1.

3nauennst W, =w,(K;), okpyriene 1o HaTypaibHOrO,

ne K, ontumanbHe, 1€ HaWOLIbIII BTPaTH CTOPOHHU 2.

BucnoBku 10 npukiangy 1:

1. HaiiGinpmni BTpaTy cTOpOHM 2 HA MOMEHT 4acy
t, = 0,3 rox nopiBHIOOTH IpubIU3HO 35 60H0BUX 01U~
HUIB, TIPH [[bOMY B TIOYaTKOBHI MOMEHT 4acy HOTPiOHO
posmoaMTy Ui cropoHr 1 Ha mepmry IUSIHKY 48
0OHOBHMX OJMHUIG, a Ha APYry — 12 GOHOBHX OJMHHIIG,
a HoTiM B MoMeHT vacy t; = 0,2 rox norpiObHO 3 nepoi
JIUISTHKY Ha JIPYTy MIEPEKUHYTH NMPHOIU3HO 28 OJMHUID
3 34 (110 3aJIMIUINCh HEYIIKOPKCHUMH).

2. 3ayBaXXMMO, 110 MepeBark B KiJIbKOCTI OOHOBUX
OJVHHUIIb Ha IMOYaTKy Ooro Oynam y croponu 2 Ha 30
onunuilb (a came: 60 y nepmioi croponn, 90 y mpyroi
CTOpOHH), a Ha MOMeHT 4acy t, = 0,3 rox croponoro 11

© O.K. dypcenko, H.M. Uepnoo, I'.M. AHTOHEHKO

", Flla, 211, "
x2c[t2, F[[q, 1]1, F[[a, 2111, " ",

", xle[t2, F[[q, 111, F[[a, 2111,

CTOPOHOIO 2 3HHIIEHO OJJHAKOBO MPUOIM3HO 35 ONMHUIIb.
Tob6ro Ha mowyarky Ooro mepeBaru Oynu y Apyroi cro-
POHH, aJIe 32 PaXyHOK ONTUMAIIBHOTO PO3MOALTY OOHOBUX
OJVHUIIb TEpIIoi CTOPOHM MO AUISHKAM 3ITKHEHHS B
MIOYaTKOBHUI MOMEHT 4acy i uepe3 0,2 roj B pe3ynbrari
gepe3 0,3 rom mepmiord CTOPOHOK 3HUINECHO OOHOBHX
OJMHUIIb CTIJIBKH, CKUIBKH 1 APYTOI0.

Pozrsinemo nipuxiiaz 2 B OUTHIT KOPOTKOMY (OpMy-
moBanHi. Hexait

K =55, L3 =16, L—L; =20,

oy = 2,622 4, =147 oy =, 0P
200 200 200

t; =0,2200, t, =0,3200.

HaBomrMo KOpOTKO TIIBKH pe3yNbTaTH, a came J0-
mycTuMi 3HaueHHs napamerpa Kp 1 BimoBimHI KUIBKOCTI
HEYIIKO/PKEHNX OOHOBHX OAMHHUII 000X CTOPiH B MOMEHT
dacy Y1 (X Xp; Y15 Y2) -

Jani oTrpumaHo, 10 BUKIIOYAOThCA BCl Ky, kpim
25, 1 BUBOIUTHCSA

(Ky; Ko (onmmansne); %35 915 %0; 92 ).
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Maemo eTMHy 4eTBIpKY

(Ky; Ko (omrrmmansre); Wy (K ); wy (Kyp)) -

{K, L, L1, al, a2, a2p} = {55, 36, 16, 2.6, 1.4, 2.2};
t1=0.2;
For[k = 14, k < 33, k++, Print[k, "

14 {10.4421, 9.72105, 36.6411, 0.189604}
15 {11.5158, 9.18834, 35.5245, 0.729662}
16 {12.5895, 8.65563, 34.4079, 1.26972}
17 {13.6632, 8.12292, 33.2913, 1.80978}
18 {14.7369, 7.59021, 32.1747, 2.34983}
19 {15.8106, 7.0575, 31.0581, 2.88989}

20 {16.8842, 6.52478, 29.9415, 3.42995}
21 {17.9579, 5.99207, 28.8249, 3.97001}
22 {19.0316, 5.45936, 27.7083, 4.51006)}
23 {20.1053, 4.92665, 26.5917, 5.05012}
24 {21.179, 4.39394, 25.4751, 5.59018}

25 {22.2527, 3.86123, 24.3585, 6.13024}

26 {23.3264, 3.32852, 23.2419, 6.67029}

27 {24.4001, 2.79581, 22.1253, 7.21035}
2631, 21.0087, 7.75041}
29 {26.5474, 1.73039, 19.8921, 8.29047}
30 {27.6211, 1.19768, 18.7755, 8.83052}

664965, 17.6589, 9.37058}

3
3
2

28 {25.4737, 2.
1
1

31 {28.6948, 0

0

32 {29.7685, 0.132254, 16.5423, 9.91064}

Q = Length[F] ;
For[g=1, g<=Q, g++, Print[F[[q, 1]], "
xlc[t2, F[[q, 111, F[[q, 2]11, "
x2c[t2, F[[q, 111, F[[q, 2]11, "

25 | 21.0795 24.758 0.00516657

Print[F]|
£125, 1,:19.96101, 35.9695}}

BucHoBku 10 npukiangy 2:

1. JlomycTUMUM 3HAYEHHSM € TUIBKW O{HE 3HAUCHHS
Ky, acame Ky =25.

2. HaiiGinpmmi BTpaT CTOpPOHM 2 HA MOMEHT 4acy
t, =0,3 roxg popiBHroIOTH mpubmu3Ho 36 OoifoBuX
OVHUIb, TNpPH IHOMY B IIOYAaTKOBHMH MOMEHT dacy
MOTPiOHO PO3NOAUTNTH VISt cTOPOHM 1 Ha repry MiUISTHKY
25 OotioBuX omuHHIB, a Ha apyry — 30 OoioBUX omu-
HMIb, @ OTIM B MOMEHT 4acy 4 =0,2 rox norpidHo 3
TMIepIoi JUITHKY Ha APYry MepekuHyTr 1 omuHuIo 3 22
OJMHUIIB, 10 3JTUIIMINCH HEYIIKOKEHUMH.

3. Te, mo B MacuBi F oTpuMaHO €1MHY YETBIPKY
(TOOTO IOIYCTUMUM € TUTBKH OJIHE 3HAYCHHS MapaMeTpy
K1, BOHO i € ONTHMANBHIM) HOSICHIOETECS THM, IO Yac

t, cmiBmamae 3 yacoM 3aKiHUCHHS OO0 (IIOBHMM 3HHMIICH-

HSIM CTOPOHH 2).

© O.K. dypcenko, H.M. Uepnoo, I'.M. AHTOHEHKO

", {x1[tl, k], x2[tl, k], y1[tl, k], y2[t1, k]}]]

", Fllg, 211, " ",
", yle[t2, F[[q, 1]1, F[[q, 2111, " ",
", y2c[t2, F[[q, 1]]1, F[[a, 2]1111]

0.0252864

Bucnosknu

B pobori po3pobieHa MeToaMka MaTEMaTHYHOI'O
MO/ICITIOBAHHS OOHOBHX /il Ha ABOX JUUISTHKAaX 31TKHEHHS.
[Mpu npoMy ojiHa 31 CTOpiH (aKTHBHA) Ma€ MOXIIUBICTh B
JBa 3aJaHi MOMEHTH 4acy IIepeKuIaTd cBoi OoHOBi
pecypcu 3 OmHOTO IO 0O Ha iHIIe. 3amporoHOBaHA
MeToauKa 0a3yeThcsl Ha ITOEIHAHHI 3aCTOCYBaHHS aAnde-
PeHIaNbHUX piBHAHD JlaHuecTepa, METOLy TMHAMIYHOIO
nporpamyBanHs 1 makera Wolfram Mathematica. 3a
JIOIIOMOTOIO ITi€] METOAMKN BCTAHOBJICHO, SIK BU3HAYATH
JTOITyCTHMI 3HAYCHHSI IBOX TapaMETpiB, IO € BiIOBITHO
KUIBKOCTSIMU OOHOBUX OAMHMILb, SIKI Ma€ IepIia CTOpoHa
PO3MOAUINTA B TIOYaTKOBUH MOMEHT 4acy Ha Iepuly
JIISTHKY 3ITKHEHHS 1 IIEPEKUHYTH B HACTYIMHUII MOMEHT
Yacy 3 HepuIoi JUISTHKY Ha JPYyry AJIsl JOCSATHEHHS Mak-
CHUMAJIBHUX BTpaT JIpyroi cropoHu. YucenbHi ekcrepwu-
MEHTH 3aCBIUYIOTh, 1[0 HE MAIOYH IIepeBary Ha Mo4aTKy
0010 Ha cBOEMY OOI1i, MOKHA 32 PaXyHOK ONTUMAJIEHOTO
posmogity OOHOBMX OJWMHUI HAHECTH MAaKCHMAaJbHI
BTPAaTH CYNPOTHBHUKY, IO-Ipyre, 3a pPaxyHOK I[bOTO
MOJKHA B TIEBHHII MOMEHT 4acy 3aBEpIIUTH Oiif OBHUM
HOro 3HUILEHHSM.
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MATHEMATICAL SIMULATION OF COMBAT ACTIONS ON TWO ENCOUNTERS USING DYNAMIC
PROGRAMMING AND WOLFRAM MATHEMATICA PACKAGE

O. Fursenko, N. Chernovol, H. Antonenko

The work is devoted to the important task of modeling combat operations at various areas of the conflict with the possibility of
redistribution of combat resources during the battle. The problem of dynamic programming is formulated with the objective function
as a function of the enemy's losses. This function is determined using the system of differential equations of Lanchester in the
conditions of "highly organized" combat. In the work, using the Wolfram Mathematica package, a computer implementation of the
solution to the problem of finding the optimal number of combat units, which should be distributed by one of the parties at the initial
moment of time to the first site of the collision and then transferred from of the first site to the second at some subsequent moment of
time with the aim of inflicting maximum losses on the other side (the enemy) at a certain moment of time. Examples of this
implementation are given. Conclusions are made based on the sample solutions tables. Firstly, the side having a disadvantage in
combat units at the beginning of the battle can destroy a significant part of the enemy due to the optimal distribution of combat units.
Secondly, due to the optimal distribution of combat units, it is possible to end the battle by completely destroying the enemy at a
certain point of time. The examples have shown the ability of the computers to predict the outcome of the battle at two points of
contact. The computer program can be organized to destroy as much of the enemy’s armory as possible before a certain moment of
time, or to destroy it completely at a certain moment of time. The results of this work will be used to solve the more general problem
of redistributing combat resources across different areas of the conflict (more than two) at different points in time (more than two).
In addition, a similar approach can be used when the battle between the parties is "poorly organized” or is a battle with
reinforcements, etc.

Keywords: equations of battle dynamics, target function as a function of losses, areas of collision, redistribution of combat
units, effective rate of fire, maximization of losses, admissibility of redistribution parameters.
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