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SPECIFICS OF NONLINEAR VIBRATIONS IN SYSTEMS WITH CONCENTRATED
MASSES AND METHODS OF THEIR STUDY

The development of a suspension system capable of ensuring the reliable functioning of other vehicle systems
and providing comfortable conditions for the crew remains among the important modern problems in military
vehicle design. Traditionally, the studies of the functioning of suspension systems are carried out based on a linear
model of the relationship between deformation and restoring force of an elastic element, which does not account for
numerous factors that arise during movement over rough terrain. Progress can be achieved via the development of
an approximate analytical method for studying such systems, which allows one to evaluate the effect of the entire
complex of suspension parameters on the dynamics and stability of oscillatory processes. In this work, analytical
methods for studying oscillatory processes of systems with concentrated masses are considered, and the conditions
for their realization are derived. The conditions for the manifestation of nonlinearities in oscillatory processes are
established. The need to refine computational models of existing systems and create new models that realistically
reflect their dynamic processes has been proven. These circumstances suggest the need to solve a scientific problem,
which involves deriving analytical dependencies to evaluate the impact of nonlinear suspension characteristics on
the dynamics of the hull and tracked contour of the tracked military vehicle (TMV). The goal is to predict resonance
phenomena during operation over rough terrain. The calculated dependencies themselves, obtained based on a
nonlinear mathematical model suitable for the dynamic process, can serve as the basis for solving an equally
important problem: determining dynamic loads. Thus, it is possible to analyze the influence of the entire complex of
suspension parameters of the TMV on the smoothness of the ride solely by analyzing the solution (exact or
approximate) of a mathematical model adequate to the physical process.

Keywords: systems with concentrated masses, oscillatory systems, suspension systems, tracked military
vehicles.

Introduction dynamic process, are supposed to be the basis for
solving an equally important problem: determining

Analytical methods for the study of nonlinear dynamic loads.

vibrations of a tracked military vehicle (TMV), which
relate to the dynamics of the TMV as a mechanical State of the art of the research
system, imply:

first, the development of a refined mathematical
model of process dynamics, accounting for the complex
influence of longitudinal speed of the vehicle, suspension
properties, suspension element layout, etc.;

The main system that perceives and simultaneously
protect the hull and equipment of the TVM from the
action of external loads are suspension elements [1, 2].

Traditionally, theoretical studies on the influence
second, the justified involvement of existing of external loads on the work of the crew and the

analytical methods for constructing and analyzing their ~ functioning of other units and assemblies have been
solutions: carried out based on a linear model of the relationship

third, obtaining relatively simple dependencies that between deformations and the restoring forces of the
allow for a comprehensive analysis of the influence of a  elastic element [3-7]. Only in some works it was
wide range of parameters on the process dynamics. emphasized [8-11] that such a suspension does not
Derived functional dependencies based on a provide proper protection of the crew and equipment
nonlinear mathematical model, which is adequate to the  from the action of external factors. It is worth noting that
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there is no suitable analytical approach (except for
numerical and modeling) [12, 13] for the study of
various types of suspension with a nonlinear relationship
between the deformation and the restoring force on the
body vibrations. The latter is due to the complexity of
developing mathematical models adequate to the
dynamic process. Therefore, the construction of
mathematical models of the dynamics of the TVM
accounting for the nonlinear elastic characteristics of the
suspension and the development of an approximate
analytical method for studying these models is in great
demand from both theoretical and applied points of
view.

The purpose of the paper is to analyze the
methods for studying vibration processes during the
operation of military tracked vehicles.

Results and discussions

Analytical methods for studying vibration processes
have received a relatively complete methodology only
for the so-called linear and quasi-linear mathematical
models. However, the elastic characteristics of the
suspension systems of military tracked vehicles (VGM)
have a clearly expressed nonlinear relationship between
the restoring force and deformation. In addition, the
vibrations of the VGM are accompanied by external and
internal friction forces, which have a complex nature
(depend on the speed, material structure, etc.). Each of
the above factors of the system determines its individual
properties. Together, they are the reason that vibrations
in nonlinear systems have a number of specific features:

- absence of the superposition principle;

- existence of a more complex relationship between
the frequencies of natural and forced oscillations in the
case of resonance;

- presence of the principle of single-frequency
nonlinear oscillations in nonlinear systems with many
degrees of freedom, etc.

The above-mentioned features of dynamic processes
in nonlinear systems and the simultaneous absence of
general exact analytical methods for integrating nonlinear
differential equations that describe these processes require
an individual approach to their study. It is necessary to
dwell on some of them, which are most convenient for
studying nonlinear oscillations of systems with concentrated
masses, including TVMs.

One of the first mathematical methods used to
study nonlinear oscillatory systems close to linear ones
was the perturbation method. However, the perturbation
theory in its initial interpretation made it possible to
study the motion of bodies and mechanical systems only
on a small time interval. This is due to the fact that
when the motion is expanded by a small parameter in
the case of a periodic force, the secular terms t"sin(kt)

and t"cos(kt) appear in the solutions. As a result, the
error of the obtained solution behaves as t™.

At the same time, numerous systems do not allow,
even in the first approximation, a linear approach to
their consideration [14]. When studying oscillations in
such systems, A. Poincaré [15] proposed a substitution
of variables of the independent argument t, rewriting the
equation to a form where the period of its solution
appears to be constant. For the case when small
perturbations of oscillatory systems are approximated
by non-analytic functions, 1.G. Malkin proposed a
special method of using successive approximations [16].
However, the calculation schemes of the specified method
appear to be too complex, such that they have not been
widely used in solving practical problems.

Closely related to the method of A. Poincaré is the
method of A. Lyapunov [17, 18], which has found wide
practical application in the study of conservative
oscillatory systems. An important role in the study of
oscillatory processes of nonlinear systems plays the
method of VVan der Pol [19], which is quite effective in
solving nonlinear problems of the theory of oscillations
of systems with one degree of freedom. According to
this method, the dynamic process of nonlinear systems
can be described by the dependence similar to the linear
case, with the only difference that, for the nonlinear
case, the main oscillation parameters are slowly variable
in time. The law of variation of the latter was expressed
via relatively simple dependences, a system of first-
order differential equations. However, this method was
purely intuitive in nature since neither the author nor his
followers presented any justification for it.

The generalization of the Van der Pol method for
strongly nonlinear systems provides reasonable results
in the study of nonlinear conservative systems
regardless of the value of the parameter ¢ in cases where
the elastic force increases monotonically. The specified
method also allows one to estimate how close a nonlinear
system is to a linear one. It should be noted that the
basic idea of the Van der Pol method was used to study
oscillations in nonlinear systems with concentrated
masses [20, 21] and was also employed to systems with
distributed parameters [22].

Another approach to the study of oscillatory
processes of quasilinear systems, the motion of which is
described by an autonomous system of differential
equations, was proposed by G.V. Kamenkov.

X+Ay=€f(x,y|5),

, 1)
y—Ax=¢eg(x,y €)
where x,y are the phase coordinates of the point's
motion; 4 is a constant; f(x,y,e), g(x,y,¢) are analytical
functions that describe the nonlinear forces acting on the
point; ¢ is a small parameter.
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The right-hand sides of the original equations (1)
are polynomials of the phase coordinates x and y. It was
shown that by some substitution of variables in (1) it is
possible to obtain relatively simple relations that
determine the main parameters of the oscillatory
process.

The problem of applying the harmonic balance
method in the study of established oscillatory processes
of nonlinear systems, which are described by the perturbed
equation (1), was considered in [23]. The method is
justified on the basis of a comparative analysis with a
known result at e—0.

Oscillations of systems described by strongly
nonlinear differential equations

X+ ¢p(x)+kx =0,
¥+ ¢(x,x) +(x) =0, (2)
X+ f(x,x) =0.

were studied in [24], with x being the deviation of the
point from the equilibrium position; ¢(x) is the law of
variation of the resistance force; w(x) is the nonlinear
restoring force; f (x,x) is the analytical representation

of the resistance force and the restoring force; k is a
constant.

Under appropriate initial conditions and physically
justified assumptions regarding the nonlinear characteristics
of forces, i.e., the functions ¢(x), Y(x), ¢(x, x),
f(x,x) in the mentioned references:

it is shown that for the existence of oscillatory
processes in the corresponding systems, the nonlinear
functions should satisfy the conditions: y(X)x>0, ¢(x ,X)
x>0, ¢(X-X)=-0(x’X), w(0)=0, &(x,0)=0 and be
analytic;

the conditions for the existence of oscillations in
the presence of positive energy dissipation in the system
were obtained;

it was proven that for an arbitrary strongly
nonlinear damping characteristic, the criterion for the
existence of an oscillatory solution coincides with the
same criterion for the corresponding linear system.

Nonlinear effects in dynamic systems, associated
with the growth of loads, the action of mechanical
forces of various nature on them, as well as the use of
new structural materials with nonlinear characteristics,
require the development of analytical methods for their
study. Nonlinear effects of oscillatory systems are
primarily manifested in the dependence of the
oscillation period on the magnitude of its amplitude.
Such systems, in particular, include mechanical systems
with pneumatic, rubber and torsion elastic elements
[25], etc.

The dynamic processes of the mentioned list of
mechanical systems are described with sufficient accuracy
by non-autonomous differential equations of the form
[26]

y + aleI = sf(x,y, /.Lt, g), (3)
X —ayy¥2 = eg(x,y,ut, €)

where x,y are the phase coordinates of the system
motion; ef (x,y,ut, &), eg(x,y,ut,e) are nonlinear
analytical functions that take into account the effect of
dissipative and periodic forces on the system. Particular
cases of the above equations are

y+a*y’ =ef(y,y ut e) (4)

251-v

y+aty vy =ef (y,y,ut, ) ®)

In differential equations (3-5), the parameters
v,v;,v, should take odd wvalues, ie (2m;+
1)(2n; + 1), m;,n; =0,12,.., since only at such
values of the nonlinearity parameters the elastic
restoring force will be odd, i.e. symmetric with respect
to the origin. We emphasize that the differential equation
(5) also reflects with sufficient accuracy the process of
viscoelastic impact of bodies and, depending on their
shape and material, the parameter v in the mentioned
equation varies within the limits of 0,5<v <1,3 [27]. At
the same time, the question of the influence of various
types of force factors, in particular impulse forces, on
the dynamic process of systems, the mathematical
models of which are equations (3-5) under the condition
of non-analyticity of its right-hand parts, remains open.

The most complete and accomplished structure for
the study of nonlinear oscillatory systems with a small
parameter was developed in [28], where the so-called
Krylov-Bogolyubov-Mitropolsky asymptotic method is
generalized to the case of non-autonomous systems and
systems with many degrees of freedom.

Conclusions

Methods for analytical study of vibration processes
have been developed to a sufficient extent for engineering
practice, mostly for quasi-linear systems, i.e., systems
whose nonlinear-elastic characteristics are close to
linear, and the maximum values of resistance forces are
small compared to the restoring force.

The increase in the operating speeds of TMV, and
therefore the loads on individual nodes and structural
elements, requires not only refined approaches to
calculation models of real systems, but also the
development of new models capable of realistically
reflecting dynamic processes in these systems.
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Thus, the development of a general methodology
for studying vibration processes in mechanical systems
with power nonlinearity (as well as those that are close
to them) will become the basis for the design and
modeling of the elements as well as systems with strongly
nonlinear elastic characteristics.

Solving the problems highlighted in this paper will
allow one to assess the influence of the entire complex
of suspension parameters on the dynamics and stability
of vibration processes and their impact on the operation
of the crew and equipment, as well as to recommend
specified characteristics of the suspension elements and
their layout, which will is a subject of our research in
progress.
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OCOBJIMBOCTI HEJIHIITHAX KOJMBAHb CHCTEM I3 30CEPEJKEHUMHA MACAMH
TA METOJH iX JOCJIDKEHHS

B.T. 3uxos, B.B. Parommniok, }O.A. Yaran, [.B. Uepasxicpkuii, €.B. Pmxos

AxmyanoHumM 3a80aHHAM € CMBOPEHHA cucmemu Niopecoprosants, AKa 6 mozia 3adesneuumu Haoitine QYHKYIOHY8AHHSA
[HWUX cucmem MAwuHu ma cmeopumu Kompopmabenvni ymosu O pobomu exinasxcy. Ak npaguno, 00CHiodiceHHs:
DYHKYIOHY8aNHS cucmeMm niopecopro8antss NPOGOOUIUCH 34 NIHIUHOI MOOeN 36 3Ky Midc Oepopmayicio ma i0HOGI08AILHOIO
CUJIOIO NPYIICHO20 eleMeHmd, W0 He NOGHOI0 MIPOI0 6PAX08YE 6CI YUHHUKU, SKI GUHUKAIOMb NI 4AC PYXY NepeciueHolo
micyesicmio. Pospobnenns nabnudicenoco ananimuynoco memooy 0O0CONCEHHSI 6KA3AHUX CUCMEM OACMb 3MO2Y OYIHUMU 8eChb
KOMNIEKC napamempis ni08iCKU HA OUHAMIKY ma CMIUKICMb KOAUBANbHUX npoyecie. Y yiti pobomi po3ensinymo aHanimuyui
Memoou OOCTIONCEHHSL KOMUBATLHUX NPOYECI8 CUCEM 13 30CePe0ICEHUMU MACAMU MA OMPUMAHO YMO8U ix icHyeanHs. Buznaueno
VMOBU NPOSIGILEHHsL HENIHIHOCMell ) KOIUBANbHUX npoyecax. [osedeno HeoOXIOHiCmb YMOUHEHHs. Ni0X00i8 00 PO3PAXYHKOBUX
MoOenell ICHYIOUUX cucmem ma Cmeopents Hogux mMooenell, sKi O peanbHo 8i006padicany OUHAMIYHI NPOYecU y Yux cucmemax.
Omoice, 3asnaueni obCmMaguHU BUMA2AIOMb GUDIUEHH AKMYATbHO20 HAYKOBO2O 3A60AHHS, CYMHICMb K020 NOISA2AC 6
OMPUMAHHI AHATTMUYHUX 3ANeIHCHOCTeEl, K] OAiOMb 3M02Y OYIHUMU 6NAUE HETIHIUHUX XAPAKMEPUCTUK NIOBICKU HA OUHAMIKY
Kopnycy ma eycenuunoco 06600y BI'M onsi npozrno3ysanns nosieu pe3oHancHux asuwy npu pyci nepecivenoio micyegicmio. Cami
JC OMPUMAHI PO3PAXYHKOGL 3anexcHocmi Ha 0a3i adekeamuoi OUHAMIYHOMY Npoyecy HeniHiliHOT mMamemMamuyHoi mooeii
ModHcymob Oymu 6a3010 i Ol pO36 A3aHHA He MEeHUL 8aXCIUB0l 3a0aui — 6U3HAYEHH OUHAMIYHUX Hasanmavicenv. Takum uuHoMm,
npogecmu AHANI3 6NIUBY 6CHO2O KOMNAEKCY napamempis niogicku BI'M na naasnicms x00y MOdcHa minvku Ha 6a3i aHanizy
Ppo38’a3xy (Mour020 uu HAONUICEH020) AOEKEAMHOT (IZUUHOMY NPOYECY MAMEMAMUYHOL MOOEII.

Knrouoei cnosa: ananimuyni memoou 00CniOHNCeHHsl, KOTUBATIbHI CUCTEMU, BIlICOKOBT 2YCeHUUHT MAUUHUL.
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